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Abstract 



Let Tn be the singular integral operator with variable kernel Q(x,z). 
In this paper, by using the atomic decomposition theory of weighted Hardy 
spaces, we will obtain the weighted weak type estimates of Tq on these 
spaces, under some Dini type conditions imposed on the kernel fl{x,z). 
This result is new even in the unweighted case. 
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1 Introduction 

Let S'"~^ be the unit sphere in IR"(n > 2) equipped with the normalized 
Lebesgue measure da. A function n{x, z) defined on R" x R" is said to be- 
long to L°°(R") X L'"(S'"^^), r > 1, if it satisfies the following conditions: 

(1) for all A > and x,z e M", n{x, Xz) = n{x, z); 

(2) for all X S R", Jg„_, n{x, z') da{z') = 0; 

(3) ||r2||ioo(R„)>,ir(5„-i) :=sup^gjs,„ \^ix,z')\'' da{z')y^'' < oo, 
where z' = z/\z\ for any z e R"\{0}. Set K{x,z) — ^^jfp^- In this paper, we 
consider the singular integral operator with variable kernel defined by 



In [5] and [3], Calderon and Zygmund investigated the boundedness of 
singular integral operators with variable kernels. They found that these op- 
erators are closely related to the problem about second order elliptic partial 
differential equations with variable coefficients. We will denote the conjugate 
exponent of p > 1 by p' — p/[p— 1). In @], Calderon and Zygmund proved the 
following theorem. 
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Theorem A ([!]). Let 1 < p,r < oo satisfy 
(0 - < A + -71^— n ifl<p<2: or 

\ / r p' p'{n—l) ■> ^ — 

(ii) i < A + V^T if2<p<oo. 
Suppose that V,{x, z) e L°°(M") x i'"(S'"~^). T/ie« f/iere exists a constant C > 
independent of / SMc/i t/iat 

||Tn(/)|U. <C|1/|Up. 
particular, To is bounded on LP(]R") /or a/Z p > r' . 

In 2008, Lee et al.[T3 considered the weighted case and showed that if the 
kernel K{x, y) satisfies the L''-H6rmander condition with respect to x and y 
variables respectively, then To is bounded on LJ^(R"). More precisely, they 
proved 

Theorem B ([T^). Letl<r<oo. Suppose that n{x, z) € L°°{W)xU{S'^-^) 
such that the following two inequalities 



sup V(2^-i?)«/'^Y / 

<\y\<R k = l 



1/r 

\K{x, z — y) — K{x, z)\' dz \ < oo 



''n.<\z\<2'= + ^R 

(1.1) 

and 

\K{x,z)-K{y,z)\'' dz] < cx) (1.2) 



sup Y.{2'Rr/^' ( f 

0<|x-b|<H fc=l 



R<\z\<2i' + '>-R 



hold for all R > 0. If r' < p < oo and w G Ap/^', then Tfi is bounded on 

In [5l[6], Ding et al. introduced some definitions about the variable kernel 
z) when they studied the H^-L^ boundedness of Marcinkiewicz integral. 
Replacing the above condition (3), they strengthened it to the condition 

(3') supxa" (L„_i |17(x + pz',z')r^^cr(2'))^^'' < oo- 

p>0 

For r > 1, a function n{x, z) is said to satisfy the L''-Dini condition if the 
conditions (1), (2), (3') hold and 

'^dS<oo, (1.3) 
JO S 

where 

1/r 

U!r{S) := sup / sup \ft{x + pz' ,y') ^ n{x + pz' , z')\ da{z') 



P>0 \y'-z'\<5 



In order to obtain the Hf^-L^ boundedness of Tn, Lee et al.[T3] generalized 
the i''-Dini condition by replacing (1.3) to the following condition(see also [14]) 

'^^d<5<oo, 0<a<l. (1.4) 
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If ri satisfies (1.4) for some r > 1 and < a < 1, we call it satisfies the L'"'"-Dini 
condition. For the special case a = 0, it reduces to the L''-Dini condition. For 
< f3 < a < 1, ifil satisfies the L'''"-Dini condition, then it also satisfies the 
L^'l^-Dini condition. We thus denote by DinJ^ the class of aU functions which 
satisfy the L''''^-Dini condition for all < (3 < a. 

Theorem C ([iBj). Let < a < 1 and n/{n + a) < p < 1. Suppose fl £ DinJ^ 
such that (1.1) and (1.2) hold for a certain large numherr. Ifw^ G ^(p_|_££._iy , 
then there exists a constant C > independent of f such that 

||Ta(/)Lp <C||/||^.. 

The main purpose of this article is to study the weak type estimates of 
on the weighted Hardy spaces H^i^"") at the endpoint case of p = n/{n + a). 
Wc now present our main result as follows. 

Theorem 1.1. Let < a < 1, p — n/{n + a.), r > 1 and w"^ G Ai. Suppose 
n e Din^ such that (1.1) and (1.2) hold. Then there exists a constant C > 
independent of f such that 

\\Tnif)\\wL?^<C\\f\\H^^- 

In particular, if we take if to be a constant function, then we can get 

Corollary 1.2. Let < a < 1, p = n/{n + a) and r > 1. Suppose il G Din^^ 
such that (1.1) and (1.2) hold. Then there exists a constant C > independent 
of f such that 

\\Tn{f)\\wL. <C\\f\\H.. 



2 Notations and preliminaries 

The definition of Ap class was first used by Muckenhoupt [TB], Hunt, Mucken- 
houpt and Wheeden [9] , and Coifman and Fefferman [1] in the study of weighted 
LP boundedness of Hardy-Littlewood maximal functions and singular integrals. 
Let w be a nonnegative, locally integrable function defined on K"; all cubes are 
assumed to have their sides parallel to the coordinate axes. We say that 
1 < p < cx), if 

J w{x)dx^ (^j^^ J w{x)-^/'^P-^Ux^ <C for every cube Q CM", 

where C is a positive constant which is independent of the choice of Q. 
For the case p =^ 1, w E Ai, ii 

-r^ I w{x) dx < C ■ essinf w(a;) for every cube Q C M". 
\Q\ Jo 



3 



A weight function w is said to belong to the reverse Holder class RHs if 
there exist two constants s > 1 and C > such that the following reverse 
Holder inequality holds 

/ w{xY dx\ < C (-^ [ w{x) dx] for every cube Q C R". 

\Q\ Jq J \ \Q\ Jq J 

It is well known that if w G Ap with 1 < p < cxd, then w € Ar for all r > p, 
and w E Aq for some 1 < q < p. We thus write = inf{(7 > 1 : w E Aq} to 
denote the critical index of w. Given a cube Q and A > 0, AQ denotes the cube 
with the same center as Q whose side length is A times that of Q. Q — Q{xo,l) 
denotes the cube centered at xo with side length I. For a weight function w and 
a measurable set E, we denote the Lebesgue measure of E by \E\ and set the 
weighted measure w^E) — w{x) dx. 

We give the following results that will be used in the sequel. 

Lemma 2.1 ([S])- Let w E Ai. Then, for any cube Q and any A > 1, there 
exists an absolute constant C > such that 

w{XQ) <C-X"w{Q), 

where C does not depend on Q nor on A. 

Lemma 2.2 ([10^). Let s > 1 and A\ = {w : E Ai}. Then we have 

Al=Air\ RHs. 

Lemma 2.3 (|H])- Let w E Ai. Then there exists a constant C > such that 

\E\ ^ w{E) 
\Q\ - w{Q) 

for any measurable subset E of a cube Q. 

Given a weight function w on M" , for < p < oo , we denote by (R" ) the 
space of all functions satisfying 



1/p 

\f{x)\^w{x)dx\ <oo. 



We also denote by WL^{M."-) the weighted weak space which is formed by 
all functions satisfying 

ll/lkL-(R") = supA • w{{x E R" : 1/(^)1 > A})'/^ < oo. 

A>0 

We write ^(R") to denote the Schwartz space of all rapidly decreasing 
infinitely differentiable functions and ^'(E") to denote the space of all tempered 
distributions, i.e., the topological dual of o?^(R"). For any < p < 1, the 
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weighted Hardy spaces iJ£(M") can be defined in terms of maximal functions. 
Let ip he a, function in ^(M") satisfying /ju„ ip{x) dx = 1. Set 

Lpt{x) =t-''Lp{x/t), t>{),X£W'. 

We will define the maximal function M^f{x) by 

M^f{x) = sup K-^t * /)(a;)|. 
t>o 

Then H'l^iW^) consists of those tempered distributions / e J^'(M") for which 
M^f G Ll,{W) with ll/llffP = ||M^/||iP . The real-variable theory of weighted 
Hardy spaces has been investigated by many authors. For example, Garcia- 
Cuerva [7] studied the atomic decomposition and the dual spaces of iJ^ for 
< p < 1. The molecular characterization of H^j for < p < 1 was given by 
Lee and Lin [T^] . We refer the readers to [Tj [T^ [T5] and the references therein 
for further details. 

In this article, we will use Garcia-Cuerva's atomic decomposition theory for 
weighted Hardy spaces in [71 [IB]. We characterize weighted Hardy spaces in 
terms of atoms in the following way. 

Let 0<p<l<q<oo and p ^ q such that w £ Aq with critical index 
qw ■ Set [ • ] the greatest integer function. For s e Z+ satisfying s > N = 
[n-{qw/p— 1)], a real- valued function a{x) is called a {p, q, s)-atom centered at 
with respect to w(or a w-{p^ q, s)-atom centered at xo) if the following conditions 
are satisfied: 

(a) a € L^(]R") and is supported in a cube Q centered at .tq; 

(b) ||a|U,„ < «;(Q)i/?-i/P; 

(c) Jjjjn a(x)x'^ dx = for every multi-index a with |a| < s. 

Theorem 2.4. Let 0<p<l<q<oo and p ^ q such that w E Aq with 
critical index qw For each f G _ff,J^(M"), there exist a sequence {aj} of w- 
{p,q, N)-atoms and a sequence {Xj} of real numbers with < C||/||^p 

such that f — XjOj both in the sense of distributions and in the norm. 

In particular, for w equals to a constant function, wc shall denote WL^{W"') 
and HP{W') simply by WLPiW") and HP{W'). 

Throughout this article C denotes a positive constant, which is independent 
of the main parameters and not necessarily the same at each occurrence. 

3 Proof of Theorem 1.1 

In order to prove our main theorem, we shall need the following superposition 
principle on weighted weak type estimates. 

Lemma 3.1. Let w E Ai and < p < 1. If a sequence of measurable functions 
{fj} satisfy 

w{{x e R" : |/j(a;)| > a}) < a'P for all j eZ 
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and 

then we have that Xjfj{x) is absolutely convergent almost everywhere and 

2-P 



;({xeM": |^A,/,(x)| >a}) < 



3 



1-p 



Proof. The proof of this lemma is similar to the corresponding result for the 
unweighted case which can be found in [17]. See also [15, p. 123]. □ 

Following the same arguments as in the proof of Lemma 5 in |llj . we can 
also establish the following lemma on the variable kernel J7. See [5] and [T5] . 

Lemma 3.2. Let r > 1. Suppose that n{x,z) e L°°(R") x L''(S'"-i) satisfies 
the L^-Dini condition in Section 1. // there exists a constant < 7 < ^ such 
that \y\ < jR, then for any xq G R", we have 



R<\x\<2R 



\K{x + xo,x — y) — K{x + xo,x)\^dx 



1/r 



< c ■ R-"'^ [^+ ^^dS 

\ R J\v\/'2R " 
where the constant C > is independent of R and y. 

We are now in a position to give the proof of Theorem 1.1. 

Proof. Since w'^ G ^1, then we have w & Aihj Lemma 2.2. We now observe 
that for w € Ai and p = n/{n + a), then [n{qw/p — 1)] = [a] = 0. By Theorem 
2.4 and Lemma 3.1, it suffices to verify that for any w-{p, r' , 0)-atom a{x), there 
exists a constant C > independent of a such that 1| Jn(a)]|vi/LP < C. 

Let a(x) be a r', 0)-atom centered at xq with suppa Q Q — Q{xq,1), 
and let Q* = 2yJnQ. For any fixed A > 0, we write 

\^ ■w{{x e R" : \Taa{x)\ > A}) 

< XP ■ w{{x e Q* : \Tna{x)\ > A}) + A^ • w{{x G {QT : \Tnaix)\ > A}) 

= /i+/2. 

Since vu £ Ai, then by using Theorem B, we can see that Tn is bounded on . 
Applying Chebyshev's inequality. Holder's inequality. Lemma 2.1 and the size 
condition of atom a, we thus obtain 

— \Tcia{x)\''w{x) dx 
Jq- 

/ f ' y/"-' f r \ I'P/'^' 

< / roa(x) w{x) dx \ I w{x) dx 
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<C-\\a\\l^^w{Qf-P/'-' 

< C. (3.1) 

We turn our attention to the estimate of l2- First we note that if {a; € 
{Q*Y ■■ \Tna{x)\ > A} = 0, then the inequaUty 

h<C 

holds trivially. Now assume that {a; € {Q*Y ■ \T(Mx)\ > X} ^0. Set Ql = Q* 

and Ql+i = {Ql)*,k = 1,2, Integrating over Ql+i\Ql{k G Z+) on both 

sides of the inequality A < |Tna(x)|, then we get 

A- |Qfe+i\Qfe| < / \Taa{x)\dx, for all fc = 1, 2, . . . . 

By the cancellation condition of atom a, we have 



/ \Tna{x)\dx = / / (K{x,x-y)-K{x,x-xo))a{y)dy 



dx 



< < \K{x,x - y) - K{x,x - xo)\dx>\a{y)\dy 

jQ I Jqi+i\qi > 

Using Holder's inequality and Lemma 3.2, wc can see that for any y € Q, the 
inner integral of the above expression is dominated by 



/ \K{x,x — y) — K{x,x — xo)\^ dx] I / Id 

<c.|««\«r"'(2'o-""'ftf^+r'""" 



\y-xo\/2''+n 

<C.\QU,\Ql\'^^'{2Hr/^' + ^ds] (3.2) 

\^ J\y-x„\/2'' + H (> J 

On the other hand, it follows directly from Holder's inequality, the Ar condition 
and the size condition of atom a that 

/ Hy)\dy< ( f \a{yW'w{y)dy) ' { / w{y)-^/^' dy ' 
JQ \Jq J \Jq 

\Q\ 



<C-\\a\ 



w{Qy/p' 

In addition, since Q for any A; = 1, 2, . . ., then by Lemma 2.3, we can get 

w{Q) \Q\ 



w{Ql) - \Q 



* I ' 
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which implies 

lHy)l^y<_c^{mf-'^. (3.3, 

Summarizing the estimates (3.2) and (3.3) derived above and using the fact that 
p = n/{n + a), we then obtain 



/ \Taa{x)\dx 
Jot , ,\q; 



'Q'k+i\Q 



w{QlYl^ \\Q\) 4-oi/2'=+i; (5 

It is obvious that for any fc = 1, 2, . . ., we have |(3fc+i\<3fc| > \Q*k\- Hence 



<C.(1+ / ^^d<5^ 1 



Furthermore, for p = n/(n + a), it is easy to check that 

lim — , ^ , , , = 0. 

Then for any given A > 0, we are able to find a maximal positive integer K such 
that 

\<C- ^ 



Therefore 



k=l 

< C. (3.4) 

Combining the above inequality (3.4) with (3.1) and taking the supremum over 
all A > 0, we conclude the proof of Theorem 1.1. □ 
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